It is well-known that the ultraviolet and infrared natural cutoffs can be realized from a noncommutative algebra in phase space. In this paper we propose a noncanonical structure on a symplectic manifold that generates a noncommutative algebra. According to the Darboux theorem, one can always find a local chart in which any structure takes the canonical form as the corresponding algebra becomes commutative. Therefore, the local noncommutativity cannot be treated as the origin of the natural cutoffs. We find that symplectic manifolds with compact topology are naturally cutoff-regularized, independent of the chart in which the physical system is considered. By taking this fact and universality of quantum gravity effects into account, we conclude that the cutoffs should be global (topological) properties of the symplectic manifold. Finally, we justify our claim by considering three well-known examples of the deformed phase space: the Moyal, Snyder and polymerized phase spaces.
INTRODUCTION
General relativity describes our Universe with high accuracy, but it fails to be applicable in the very high and low energy limits. In the standard Big Bang cosmology, the initial value problem appears when one utilizes general relativity to characterize the early state of the Universe [1] . Also, today the Universe is in a positively accelerated phase of expansion with yet unknown origin usually dubbed as the dark energy [2] . The initial value problem seems to be obviated by cosmological inflation [3] . However, inflation is an artificial scenario glued to the standard model of cosmology. More precisely, the initial value and the dark energy problems appear in the high (ultraviolet) and low (infrared) energy regimes respectively. In these regimes quantum gravity effects become important at least for regularization of the underlying quantum field theory. On the other hand, the general relativity is a classical theory which does not take into account the Heisenberg uncertainty principle. It is natural to expect that the mentioned problems can be naturally resolved in a quantum theory of gravity. In the absence of the full quantum theory of gravity, the alternative approaches to quantum gravity proposal have revealed some phenomenological aspects of the ultimate theory. For instance, existence of a minimal measurable length of the order of the Planck length is suggested in all these approaches (see for instance Ref. [4, 5] for string theory and loop quantum gravity perspectives on this issue). Taking a minimal measurable length into account naturally makes the quantum field theory ultraviolet (UV) regularized [6, 7, 8, 9] . Also, considering a minimal uncertainty in momentum measurement removes the infrared (IR) divergences in curved spaces [9, 10] . So, it seems that modification of general relativity in the high and low energy regimes is necessary to include these natural cutoffs.
An immediate way to include these cutoffs is deformation of the Heisenberg uncertainty principle in standard quantum mechanics which is suggested in the framework of string theory [11] . The generalized uncertainty principle leads to the deformed Heisenberg algebra on the corresponding Hilbert space [12] . In the semiclassical regime, the deformed Heisenberg algebra can be realized from the noncommutative Poisson algebra on the corresponding phase space [13] . Also, recently some other attempts have been done to include the minimum measurable length in the standard theories. For instance, the doubly special relativity theories are investigated in order to include an invariant (observer independent) length scale (or invariant energy scale) [14, 15] . This issue can be accomplished through a nonlinear modification of the action of the Lorentz group on momentum space which leads naturally to the modified dispersion relations [15] . Furthermore, the polymer representation of quantum mechanics is recently suggested in the context of the loop quantum gravity [16, 17] . The polymer quantum mechanics leads to the deformed phase space in which the modification shows itself on the Hamiltonian function and the fundamental length scale is known as the polymer length [18] . Evidently, the polymerized phase space can be deduced from the noncanonical commutation relation on the associated phase space [19] . Therefore, taking the natural cutoffs into account naturally leads to the noncommutative phase space in the semiclassical regime. Indeed, noncommutative geometry provides a suitable framework to study the cutoffs in the physical systems (see Ref. [20] from string theory viewpoint). Apart from the above mentioned interests in noncommutative geometry, there are some difficulties such as loss of the Lorentz invariance in noncommutative spacetimes [21] .
On the other hand, a minimal length scale (UV cutoff) can be considered as a universal quantity for the final quantum gravity theory, similar to the speed of light and the Planck constant for relativity and quantum mechanics respectively. It is widely believed that it should be of the order of the Planck length ∼ O(1) l Pl where
−33 cm, and the coefficient O(1) should be fixed only by experiments [22, 23] . This fact provides the hypothesis of universality of quantum gravity effects. This means that if there is a natural cutoff associated to a fundamental quantity (for instance a minimal length for the UV cutoff), it should be a universal feature and exists for any physical system [22] . Although quantum gravity effects seem to be exceedingly small [22, 23] , nevertheless they are essential in quantum field theory to render renormalizablity of the theory [9, 10] . In some sense, the situation is similar to the general theory of relativity. The universality of gravity promotes it as a property of the Riemannian manifold in the light of the equivalence principle. On the other hand, the phase space is also a manifold that naturally admits symplectic structure. Assuming the universality for the natural cutoffs, the question then arises: Are these cutoffs a property of the symplectic manifold itself? If they are, which properties support the existence of these cutoffs? To answer these questions, one should note that there is an egregious difference between Riemannian and symplectic manifolds. There is no local invariant analogous to the Riemannian curvature on the symplectic manifold and any symplectic manifold are locally equivalent. By taking these considerations into account, here we propose a noncanonical structure on a symplectic manifold that generates a noncommutative algebra and then using the Darboux theorem we show that natural cutoffs are topological (global) aspects of a symplectic manifold. We show that symplectic manifolds with compact topology are naturally cutoff-regularized and this is independent of the chart in which the physical system is considered. We justify our achievement by treating three examples.
II. SYMPLECTIC STRUCTURE
Suppose that Q is a configuration space manifold of a mechanical system, then the cotangent bundle T * Q is a phase space which is naturally a symplectic manifold. The symplectic structure properly describes the phase space in a coordinate independent manner. In this section we first briefly review the symplectic geometry and the well-known commutative (canonical) structure and then we introduce a noncommutative (noncanonical) structure. A symplectic manifold (M, ω) is a manifold M with symplectic structure ω, which is a closed, nondegenerate 2-form on M. A Hamiltonian system on M is defined as (H, ω, x H ), where x H is a Hamiltonian vector field if there is a function H : M → R such that
The integral curves of the Hamiltonian x H are the Hamilton's equations which determine the time evolution of the system. The manifold M is oriented by the Liouville volume
and the Liouville theorem states that the volume (2) is conserved along the Hamiltonian flow x H as
where L x H ω n denotes the Lie derivative of ω n along x H . The relation (3) can be easily deduced from the fact that the Lie derivative of the 2-form structure along the Hamiltonian vanishes L x H ω = i x H dω+di x H ω = 0, where we have used relation (1) and the fact that ω is closed.
The Poisson bracket between two real valued functions f and g is defined as
and the condition dω = 0 ensures that the Jacobi identity is satisfied by the resultant Poisson bracket. One can locally generates a commutative or noncommutative Poisson bracket on the phase space, through the relation (4), just by defining an appropriate symplectic structure on the manifold.
A. Darboux Chart: Commutative Case
According to the Darboux theorem, for each point p ∈ M there is a local coordinates chart about p in which the 2-form structure is constant. If M is finite dimensional, then it is even dimensional and there are local coordinates such that
where i = 1, 2, .., n. The variables q ′i and p ′ i are known as canonical coordinates and 2n is the dimension of M.
Substituting canonical 2-form (5) in the relation (1) gives the solution for the Hamiltonian
where H 0 (q ′ , p ′ ) is the usual Hamiltonian function. The integral curves of the Hamiltonian (6) gives the Hamilton's equations of motion
Having the structure (5) and the associated Hamiltonian vector field (6) , the Poisson bracket between two arbitrary functions of the canonical coordinates can be obtained from the definition (4) as
that leads to the canonical Poisson algebra
Now, the standard canonical representation of the Hamiltonian system (H 0 , ω 0 , x 0H ) is completely formulated in the context of symplectic geometry. As usual, different physical systems are labeled by different Hamiltonian functions H 0 , and the corresponding symplectic structure is usually assumed to be canonical such as ω 0 . In this way, the Poisson algebra is fixed to be commutative and then the different Hamiltonian functions determine the trajectories of the system on the corresponding phase space. On the other hand, one can represent Hamiltonian systems in an arbitrary chart on the symplectic manifold. For instance, suppose that the Hamiltonian system (H 0 , ω 0 , x 0H ) describes the physical system with magnetic effects. One trivial way to exert these effects is by considering an appropriate Hamiltonian function H 0 for the system under consideration together with the commutative Poisson algebra such as (9) . This is the standard Darboux (canonical) representation of the Hamiltonian system. Evidently, there is another nontrivial picture to study the same problem: finding a local chart in which the Hamiltonian function gets its standard form (with a kinetic term), but now all the magnetic effects show themselves on the associated noncanonical symplectic structure [24] . Working in the latter picture leads to a noncommutative algebra between the momenta on the corresponding phase space. The trajectories on the phase space which are determined by the Hamilton's equation of motion, are the same in these two pictures since the relation (1) is satisfied in a coordinateindependent manner. These two pictures are related to each other by the Darboux map. As we said before, the natural UV and IR cutoffs can be realized from a noncommutative phase space in the semiclassical regime. The standard way to introduce a noncommutative phase space is to take the Hamiltonian function of the physical systems in their original (canonical) functional form and then considering a local noncommutativity through the symplectic structure (5) . Before constructing a local noncommutativity on the phase space, it is important to note that all symplectic manifolds (phase spaces) are locally equivalent through the Darboux theorem. Therefore, any noncommutative algebra on the phase space can be transformed into a commutative ones. The question then arises: how the natural cutoffs can be realized from noncommutative phase spaces? To answer this question we should construct a local noncommutativity on the phase space.
B. Noncanonical Chart: Noncommutative Case
To construct a local noncommutative algebra on the phase space, we consider a Hamiltonian system (H,ω,xH ). We note that this Hamiltonian system should be considered as distinct from the standard Hamiltonian system (H 0 , ω 0 , x 0H ) in order to ensure that noncommutativity to be an extra information for any physical system under consideration. In other words, any Hamiltonian system (H 0 , ω 0 , x 0H ) has a noncommutative counterpart (H,ω,xH ). These two Hamiltonian systems should be coincided in the low energy regimes and the noncommutativity effects would became important just in the high energy regime. The poisson bracket is defined by the symplectic structure though the standard definition (4) and consequently a local noncommutative algebra could be realized by a local deformation of the symplectic structure. We propose a local deformation to the 2-form structure as ω = dq i ∧ dp i − ǫ σ j i dq i ∧ dp j (10)
ij dp i ∧ dp j , where σ i j (q, p), α ij (q, p) and β ij (q, p) are arbitrary functions of the coordinates q i and p i . The variables (q, p) are noncanonical and should be distinguished from the canonical variables (q ′ , p ′ ) in the pervious section. It is important to note that we suppose the Hamiltonian function in noncanonical chart (q, p) has the same functional form as the canonical one H 0 (q ′ , p ′ ) and all the noncommutative deformations are included in the symplectic structure (10) . In other words, the noncommutative counterpart of the commutative Hamiltonian system (H 0 , ω 0 , x 0H ) is constructed as follows: we replace the canonical symplectic 2-form (5) with the noncanonical symplectic structure (10) and keep the Hamiltonian function to have the canonical functional form in the nocanonical chart with (q, p). The deformation parameter ǫ controls the deviation from the commutative case (5) as the commutative structure (5) could be recovered in the limit of ǫ → 0. The condition dω = 0 gives the constraints on the functions σ j i , α ij and β ij as follows
Substituting the 2-form (10) into the relation (1) gives the equations
for a vector fieldxH = x
Since the structure (10) is nondegenerate, the coupled set of equations (12) has a unique solution. While finding an exact solution of the above coupled equations is not an easy task, the approximated solution is indeed sufficient for our purposes in this paper. To first order of ǫ, the solution is
The integral curves of the Hamiltonian (13) gives the Hamilton's equations
and the standard Hamilton's equations (7) can be recovered in the limit of ǫ → 0. The Poisson bracket can be obtained from the relations (10) and (13) as
, to the first order of ǫ the Poisson bracket will be
The noncanonical Poisson bracket (16) possesses all the properties of the canonical Poisson bracket (8) and leads to the noncanonical Poisson algebra
The relations (16) and (17) lead to their commutative counterparts in the limit of ǫ → 0. The noncommutative Poisson algebra (17) supports many noncommutative algebras such as the Moyal noncommutative algebra [25, 26] , the Snyder algebra [27, 28] , and the algebra generated by the generalized uncertainty principle [12] . Given a noncommutative algebra such as (17) , one can immediately find the corresponding symplectic structure from the relation (10).
III. CUTOFFS AND TOPOLOGY
In the pervious section we proposed a noncanonical symplectic structure (10) on symplectic manifold M and we have shown that it leads to the noncommutative algebra (17) . In this section, we show how a noncommutative phase space admits natural cutoffs for physical systems and what is the origin of these cutoffs.
Consider the total volume of the manifold which is integration on the Liouville volume (2) over whole of the
In the standard commutative phase space with canonical structure (5), the total volume is diverging Vol(ω n 0 ) = dq ′i ∧ dp ′ i → ∞. More precisely, the spatial part of the integral (18) is usually restricted to the spatial volume V of the system under consideration, but the momentum part is really diverging since there is no a priori restriction on the momenta. We know that the total volume of the phase space determines the number of microstates for the system under consideration. It is also well-known that the number of microstates is finite even in commutative phase space. The question then arises: How the momentum part of the phase space volume gets finite value for the statistical systems? Indeed, the ensemble densities, Dirac delta function and Boltzmann factor for the microcanonical and canonical ensembles respectively, constraint the integral of the total volume to give a finite phase space volume. Mathematically, it means that the ensemble densities make the integrands to have compact supports such that, for instance, the partition function or equivalently the thermodynamical quantities become finite. Although the phase space volume is finite, it is important to note that there is no natural cutoff on the statistical systems. In quantum field theory, however, one imposes a UV cutoff (of the order of the Planck mass) by hand on the wave numbers in order to get ride of the divergent terms [9, 29] . For the renormalization of the quantum fields in curved space, an IR cutoff is required as well as the UV ones. For instance in FRW spacetime, the minimal momentum of the IR region is usually assumed to be of the order of the Hubble parameter [10] . The noncommutative phase space is interesting specially since it is capable to make the field theories to be finite [8, 9] . Also, existence of a minimal length (UV cutoff), which leads to the noncommutative phase space, can remove the big bang singularity in a cosmological setup [30] . In which follows, we implement the symplectic geometry to study the nature of the cutoffs emerging naturally in a noncommutative phase space.
In noncommutative phase space with symplectic structure (10), the integral (18) will be
whereω is the matrix representation of the 2-form (10). The components are [ω] IJ =ω( ∂ ∂z I , ∂ ∂z J ) with z I = (q i , p i ) and I = 1, .., 2n. The nondegeneracy of the noncanonical structure (10) leads to the nontrivial relation detω(q, p) = 0 in noncommutative phase space. Since a symplectic manifold is orientable in essence, we restrict ourselves to the fixed orientation, detω(q, p) > 0. The explicit form of the detω(q, p) should be determined just after specifying the special form of the functions σ j i (q, p), α ij (q, p) and β ij (q, p). Independent of the form of these functions, detω(q, p) could make the integrand (Liouville volume (2)) to have compact support. In this situation the integral (18) could be finite. However, in a commutative phase space, the determinant associated to the symplectic structure (5) is equal to unity and cannot make the phase space volume to be finite. This result is not surprising and it is well-known from the noncommutative phase spaces. Here it is rewritten just in the language of the symplectic geometry. Nevertheless, this is a coordinate-dependent criterion and it seems that it could be disappeared by a suitable coordinates transformation. To clarify this issue let us consider an special coordinate transformation, the so-called Darboux transformation. According to the Darboux theorem, it is always possible to find coordinates in which 2-form structure takes the canonical form. So, there exists transformation
from the noncanonical coordinates (q, p) to the canonical variables (Q, P ) in which the 2-form structure (10) gives the canonical formω
The canonical variables (Q, P ) obey the commutative Poisson algebra
and the corresponding Hamilton's equations are
where the functional form of the Hamiltonian function should be modified asH ǫ (Q, P ) in this chart to ensure that the trajectories in two charts (Q, P ) and (q, p) coincide through the relations (14) and (23) . In other words, we have a unique Hamiltonian system (H,ω,xH ), which is represented in two different charts. In the noncanonical chart (q, p), the Hamiltonian system (H,ω,xH ) is described by the noncommutative phase space and it also can be realized within a canonical chart (Q, P ) through a commutative phase space [31] . At the kinematical level, the algebra (22) is the same as the standard Poisson algebra (9) in the commutative phase space, but they are different at the dynamical level since they describe different Hamiltonian systems. Clearly, they exactly coincide at both the kinematical and dynamical levels in the limit of ǫ → 0, where the noncommutativity effects will become negligible. The determinant of the 2-form in canonical coordinate (21) is equal to unity and in contrast to the noncanonical case, it seems that the associated integrand has not compact support. While the two coordinates (q, p) and (Q, P ) are different representations of the same structure, it seems that the integral of the volume could be convergent in the noncanonical coordinates. However, this is not the case for canonical coordinates! The integral of the volume (18) is an invariant quantity on the symplectic manifold and remains unchanged by transforming the coordinates. So, the total volume should be finite in the canonical chart if it was finite in noncanonical chart with (19) . The only way to achieve this goal is that the canonical variables (Q, P ) become bounded to give the finite total volume (18) . So, if a noncommutative algebra induces any cutoff on the phase space, there is a nonlinear Darboux map that transforms this noncommutative algebra to a commutative algebra but with bounded variables. This issue will be seen explicitly for the case of Snyder noncommutative space in which follows. So, the total volume (18) in canonical chart will be
where the prime shows that the canonical variables are now bounded. In this case, we have bounded canonical variables that could be interpreted as the cutoffs for the system under consideration. As we have seen, the phase space noncommutativity is a local chartdependent criterion and can be removed through the Darboux transformation. In the new canonical chart, the cutoffs are still present but now show themselves through the bounded canonical variables and also the noncommutative-modified Hamiltonian function. The question then arises: What is the origin of the cutoffs in this commutative chart? If we demand the compact topology for the symplectic manifold, the Liouville volume naturally has a compact support and the total volume (18) is always finite. This criterion is coordinate independent and consequently there is no concern about changing the chart. In other words, one can construct a noncommutative algebra which does not give any cutoffs (for instance the Moyal algebra). However, when a compact topology is assumed, the cutoffs emerge even within the commutative coordinates (for instance polymeric phase space). While it is convenient to assume the noncommutative algebra (such as (17) ) in order to include the cutoffs, it seems that the compactness of the topology of the phase space is more fundamental. In fact, local representation of the Hamiltonian system (H,ω,xH ) in any chart has no importance; what is important is the compactness of topology in order to have natural cutoffs. Therefore, assuming the compact topology for the symplectic manifold, the expectation value of any observable such as A :
is finite since the corresponding phase space is naturally cutoff-regularized, independent of a local chart in which the system is considered. The compact symplectic manifolds need to have a nontrivial second cohomology group to allow for a closed nondegenerate 2-form and one can reads the quantum gravity cutoffs of M from H 2 (M). On the other hand, any physical system is influenced by gravity through the equivalence principle. Taking this fact into account, one can expect that the quantum gravitational effects would be also universal. That means these effects should influence any physical system in the same manner. If there is a fundamental length scale, all the physical systems should be in agreement on this length scale. For instance, it cannot be Lorentz contracted since it is the same for any observer [14, 15, 33] . Taking the hypothesis of universality of the quantum gravity effects into account, one can estimate these quantum gravity corrections even in the low energy physics, leading to important constraints on models parameters [22, 23] . Although these effects are too small to be detect by current experimental techniques, they are inevitable in the high energy regimes to render the theory to be cutoffregularized. Here, a comparison with general relativity is interesting. Taking the universality of the gravity into account, the spacetime should be curved rather than flat in the light of the equivalence principle and the gravity is evaluated as a local property of the spacetime manifold. Similarly, as we have shown, the topology of the symplectic manifold cannot be R 2n when one includes the cutoffs. Instead it could be a compact topology. So, the universality of the quantum gravity cutoffs promotes them as global (topological) properties of a symplectic manifold.
IV. EXAMPLES
The above arguments show that the natural cutoffs can be realized from a noncommutative algebra in which the associated Liouville volume gets a compact support. In this regard, the topology of the corresponding symplectic manifold should be compact. Recently, some authors studied the curved momentum space to achieve a fundamental minimal length scale (natural UV cutoff) in the standard well-known theories. For instance, the lattice structure of the space-time in the high energy regime can be realized from a curved momentum space [34] . Also, the polymer quantum mechanics, which is formulated in a symmetric sector of the loop quantum gravity, suggests a compact momentum space for the corresponding underlying Hilbert space [17] . These attempts indeed confirm our result about compact topology of the momentum part of the phase space which is needed to include a UV cutoff for the system. Now in this section we study symplectic structure of three examples with deformed phase space and we justify explicitly our arguments in the pervious sections.
A. Moyal Product Law
Moyal noncommutativity is defined in the spirit of the Moyal product law between two arbitrary functions on the phase space as [25] (f * g)(x) = exp 1 2
where * denotes the Moyal product with Θ IJ defined as
Moyal bracket between two arbitrary functions on the phase space can be expressed as
To first order of the noncommutativity parameters, relation (28) gives the Moyal algebra between the phase space variables as
where i, j = 1, ..., n . The parameters η i j , γ i j , and θ i j are constants on the corresponding phase space. It is convenient to assume a noncommutative Poisson algebra [26] 
which is equivalent to the Moyal algebra defined in (29) . It is important to note that the brackets { , } in relation (30) are the usual Poisson brackets, but the algebra (29) is defined in the spirit of the Moyal product law through the relation (28) . Comparing the relations (30) and (17), the corresponding 2-form structure can be immediately deduced from the relation (10) as
where the above structure is obtained in the limit of η
Substituting the symplectic structure (31) into the relation (1) gives the corresponding Hamiltonian vector field as
It is easy to show that the 2-form (31) (31) is independent of the phase space variables. The constant determinant cannot make compact support for the Liouville volume in order to give a finite total volume. So total volume (19) is diverging in this setup. Similar to the commutative algebra (9), the Moyal algebra (29) does not give any cutoff on the corresponding phase space. However, two algebras (29) and (9) are different at the dynamical level. The integral curves of the vector field (32) give the Hamilton's equations in the Moyal phase space
which are clearly different from the standard Hamilton's equations (7). To complete our analysis, we consider a linear noncanonical transformation
It is easy to show that if the new variables (Q, P ) in the above relations satisfy the commutative Poisson algebra (22) , the variables (q, p) satisfy the noncommutative algebra (30) with η (34) is a Darboux transformation and transforms the Moyal noncommutative algebra (30) to the canonical commutative algebra (22) . The Moyal 2-form (31) takes the canonical form
in this chart. The Darboux transformation (34) does not impose any restriction on the canonical variables (Q, P ). These variables are not bounded since (q, p) are not bounded. Substituting the canonical 2-form (35) into the relation (1) gives the associated Hamiltonian vector field with integral curves
As we said previously, the Hamiltonian function should be modified as H(θ, γ; Q, P ) in the canonical chart in order to ensure that the phase space trajectories coincide. Therefore, while the Moyal algebra (30) is noncommutative, it cannot exert any cutoff on the corresponding phase space. So, one can define the Moyal algebra on the symplectic manifold with trivial R 2n topology similar to the commutative algebra (9).
B. Snyder Noncommutative Space
The Snyder noncommutative spacetime has been introduced by Snyder in 1947 [27] . The corresponding noncommutative phase space is characterized by the noncommutative algebra [28] 
where J ij = q i p j − q j p i is the generator of rotation in three dimensions with q i = δ ij q j and i, j = 1, .., 3. The deformation parameter β is usually assumed to be of the order of the Planck length l Pl . The Snyder algebra (37) leads to the commutative algebra (9) in the limit of β → 0. Comparing the Snyder algebra (37) with the relation (17) , the corresponding approximated symplectic 2-form can be deduced from the relation (10) . However, the exact 2-form for the algebra (37) is obtained in Ref. [35] as follows
where we have identified the deformation parameter β with the Planck momentum as 1/β = p Pl . Of course 1/β = O(1) p Pl and the coefficient O(1) should be fixed only by the experiments [23] . Here we set it to be unity for the sake of simplicity. It is easy to show that the structure (38) properly generates the algebra (37).
We have stated previously that if an algebra realizes a cutoff naturally, the corresponding symplectic manifold should be compact. To clarify this claim, we consider a 4-dimensional phase space with variables (x, y, p x , p y ) which satisfy the algebra (37). The corresponding Liouville volume (2) will be
dx ∧ dy ∧ dp x ∧ dp y = dx ∧ dy ∧ dp x ∧ dp y
The total volume of the 4-dimensional symplectic manifold can be obtained through the relation (19) as
Clearly, the determinant det ω = (1 + (p/p Pl )
2 ) −2 makes the Liouville volume to have compact support so that the total volume gets finite. As we have mentioned previously, the Snyder algebra (37) should be defined only on a symplectic manifold with compact topology. To justify this point, we implement the embedding method to determine topology of the Snyder symplectic manifold [28] . Consider the momenta (P X , P Y , P Z ) on the Euclidean space, that are canonical with coordinates (X, Y, Z) and satisfy the constraint equation
which clearly defines a 2-sphere of radius p Pl that is embedded in Euclidian space. Eliminating P Z from the relation (41) and implementing the following nonlinear Darboux transformations
where
, the 4-dimensional phase space for the new phase space variables (q, p) emerges. It is easy to see that the variables (q, p) satisfy the Snyder algebra (37) where the variables (Q, P ) obey the commutative algebra (22) . While there is no restriction on the noncanonical variables (q, p), the reduced canonical variables (X, Y, P X , P Y ) are bounded as P < p Pl via transformations (42). In the limit of p Pl → ∞, the two sets of variables (q, p) and (Q, P ) coincide through the nonlinear transformation (42) and both of them are unbounded. In this limit, the radius of the 2-sphere in the relation (41) goes to infinity and the trivial R 2 topology is recovered. In fact, the transformation (42) is a particular case of the Darboux transformation (20) . The 2-form structure (38) takes the following canonical form in the Darboux chart
and the corresponding Liouville volume is
While the Darboux variables (X, Y, P X , P Y ) obey the commutative algebra (22) and consequently the determinant of the associated symplectic structure (44) cannot makes the corresponding Liouville volume to be finite, the total volume converges as
since the ranges of the momentum now is bounded. The result of two integrals (40) and (45) coincide since the integral (18) is an invariant over the Snyder symplectic manifold. More precisely, topology of the momentum part of the manifold that admits Snyder algebra (37), is compact and as we have shown, it is S 2 with radius p P l . So, the related total volume should be finite independent of the chart in which the total volume is calculated.
C. Polymeric Phase Space
In this section, we justify our finding by considering a polymerized phase space which is the classical limit of the polymer representation of quantum mechanics [16, 17] . Consider a one dimensional particle confining in a potential U (Q) that lives in a two dimensional phase space. The polymerized Hamiltonian is given by [18] 
where λ is the deformation parameter with the dimension of length as [ λ] = Length. The momentum is bounded in polymer framework as P ∈ [− π λ , + π λ ) since the topology of the momentum part of the phase space is S 1 rather than usual R [17] . According to the Darboux theorem, one can always find a local chart in which the polymeric symplectic 2-form takes the canonical form [36] 
where (Q, P ) are the canonical variables. The associated Liouville volume coincides with the 2-form structure (47) via the definition (2) . Integrating the Liouville volume gives the total volume of the 2-dimensional polymeric phase space as
where L is the one dimensional spatial volume of the system under consideration. Substituting the 2-form (47) into the relation (1), gives the corresponding Hamiltonian vector field
The integral curves of the Hamiltonian (49) are the polymeric Hamilton's equations
where the standard Hamilton's equations (7) are recovered in the limit of λ → 0. Substituting the relations (47) and (49) into the definition (4) gives
which shows that the Poisson algebra is commutative in this chart. Therefore, one deals with the canonical variables together with the modified Hamiltonian (46) and the UV cutoff emerges in this setup naturally without any reference to the noncommutative algebra. In fact the UV cutoff emerges due to the compact S 1 topology of the momentum part of the phase space. This result confirms our pervious claim that the topology of the phase space is the origin of the cutoffs and the cutoffs should be emerged on compact symplectic manifolds even in commutative chart.
V. CONCLUSIONS AND REMARKS
Noncommutative algebras on a phase space are usually introduced in order to realize natural cutoffs such as a minimal length (UV cutoff) and a minimal momentum (IR cutoff). In this paper, we have defined a Hamiltonian system (H,ω,xH ) on the symplectic manifold M. To generate a local noncommutative algebra on the phase space, we locally deformed symplectic structureω but the corresponding Hamiltonian functionH retains its usual functional form. We have shown that the proposed symplectic structure leads to the general noncommutative algebra (17) in the noncanonical chart (q, p). Evidently, it is always possible to transform any noncommutative algebra on the phase space to a commutative one in the light of the Darboux theorem. So, one can represent the Hamiltonian system (H,ω,xH ) in a local canonical coordinates (Q, P ) that satisfy a commutative Poisson algebra (22) . This result shows that while the noncommutativity on the phase space can induce the cutoffs, it cannot be treated as the origin of these cutoffs. To clarify this point, we have considered the total volume of the associated symplectic manifold that is invariant on the manifold independent of a chart in which the corresponding underlying system is considered. The results show that if (q, p) satisfy a noncommutative algebra that induces the cutoffs, the associated Darboux map is nonlinear and the canonical variables (Q, P ) should be bounded to ensure the invariance of the total volume over the symplectic manifold. This result can be properly characterized by a symplectic manifold with compact topology. In fact, compact symplectic manifolds are naturally cutoff-regularized, independent of a chart in which the physical system is considered. Therefore, we have concluded that the global topology is more fundamental for the cutoffs than local noncommutativity. Our motivation to study a noncommutative phase space rather than spacetime noncommutativity was the fact that in the semiclassical regime, the deformed Heisenberg algebra on the corresponding Hilbert space naturally leads to a noncommutative (deformed) Poisson algebra in the classical phase space. Also, in contrast to the QFT, where the noncommutativty is assumed between quantum fields themselves, here the noncommutativity shows itself in the wave numbers and for instance makes the expectation value of the energy-momentum tensor to be finite [29] . We have treated three examples of the deformed phase space: Moyal noncommutativity, Snyder space and the polymeric phase space to clarify and also justify our conclusions. The main results are then as follows:
• The Moyal noncommutative algebra (30) cannot induce any cutoff and the usual R 2n topology is relevant for the corresponding phase space. So, we have a noncommutative algebra that cannot induce any cutoff. In a simple statement, noncommutativity is not the origin of cutoffs by itself.
• The Snyder noncommutative algebra (37) induces the UV cutoff. We have shown that the topology of the momentum part of the 4-dimensional Snyder symplectic manifold should be S 2 rather than R 2 . So, a noncommutative algebra that induces cutoffs needs naturally to be defined on a topologically compact symplectic manifold.
• The topology of the momentum part of the polymeric phase space is S 1 and the UV cutoff emerges without any reference to the noncommutativity. Now we compare this framework with general relativity: gravity is universal in the sense that it couples to everything and is described by curvature. This means that there is no flat manifold in essence and therefore gravity can be interpreted as a local property of Riemannian manifold. In a similar manner, existence of natural cutoffs such as the minimal length, is universal in the sense that all physical systems have these cutoffs. We have shown that natural cutoffs can be realized by compact topology of symplectic manifolds. So, in comparison with gravity, we can say that natural cutoffs are global properties of the symplectic manifolds. While the classical theory of gravity, i.e. general relativity, is a local theory, it seems that at the quantum level global effects are important.
